   Submit your solutions on separate paper.  Indicate your team name.

   One solution set only is required from each team. 
   Part marks are awarded for partial or incorrect solutions.
   The steps to a solution can be omitted if you are confident your final answer is correct,

   however the steps will be used for part marks for incomplete or incorrect solutions.

   Marks may be deducted for poor mathematical form.
Group Problem Set #3     Logic and Counting
1. Trains travel between Toronto and Montreal, going both directions, every day.  The time required for a one-way trip between each of these cities is six hours.  Every hour on the hour, a train departs from Toronto on its way to Montreal, and at the same moment a train is just leaving Montreal on the way to Toronto.  There are two parallel tracks along the way that the trains follow on their respective trips.


You board a train in Toronto at 11:00 am on your way to Montreal.  As you pull out of the station, a train is just arriving in Toronto from Montreal.  When you arrive at the station in Montreal, you see another train just departing from that city on its way to Toronto.  Counting these two trains (one just arriving in Toronto as you depart and one just leaving from Montreal as you arrive) how many trains do you see travelling from Montreal to Toronto on your journey?
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2.
You must travel from point A to point B (shown in the diagram below) by travelling only along a street indicated by vertical or horizontal lines. 
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How many different routes are possible if:

a) You can only travel east or south (and never west or north)?
b)  You must travel east (and not west) and you can travel north or south, but can only travel along any avenue one time at most?
3.
The digits 1, 2, 3, 4, 5 and 6 are each used once to form a six digit umber abcdef, such that the three digit number abc is divisible by 4, bcd is divisible by 5, cde is divisible by 3, and def is divisible by 11. Find the values of a, b, c, d, e, and f that satisfy these conditions.
4.
The symbol “!” in mathematics is used to form a factorial. We define n! to be equal to the product n(n – 1) (n – 2) (n – 2) . . . (3)(2)(1). For example, 5! = 5 ( 4 ( 3 ( 2 ( 1 = 120. Find the number of zeros at the end of 35! if the product is fully calculated.

5.
In the PML (the Professional Mathematics League) each of the 12 teams in the league is required to play each other 16 times during the regular season. At the end of the season, the top four teams play a round-robin playoff in which each of these four teams plays the other 3 teams 6 times each. After the conclusion of the round-robin playoff, the top two teams play each other in a best of seven series of matches. What is the maximum number of mathematics contests that can be played a full season of the PML (including all playoffs) if ties are not permitted?

6.
All possible arrangements of the digits 0, 1, 2, 3, 4, 5, 6, and 7 are used to form four digit even numbers. If no digit can be used more than once in any single number formed in this manner, determine the total number of different four digit numbers that can be formed.
Solutions to Group Problem Set #3
1.
(6 marks)


Solution One:

The train will arrive in Montreal at 5:00 pm


(1 mark)
Seven trains left Montreal, and are now on route, between 5:00 am and 11:00 am (this includes the one just completing the six-hour trip and pulling into Toronto at 11:00 am.

(2 marks for understanding this concept – 1 mark for any failed attempt)

Six more trains will leave Montreal between 12:00 noon and 5:00 pm (including the one just departing at 5:00 pm as you pull into Montreal)
(2 marks for understanding this concept – 1 mark for any failed attempt)

Thus you will meet thirteen trains (7 plus 6) travelling in the opposite direction.       (1 mark)
Solution Two:

The train will arrive in Montreal at 5:00 pm


(1 mark)
Since the speed at which the trains approach each other is twice what the speed of each train is travelling, you will meet a train coming from the other direction every thirty minutes.
(2 marks for understanding this concept – 1 mark for any failed attempt)

The number of 30 minute intervals between 11:00 am and 5:00 pm (the end of the trip) is 13 (must count from 11, 11.5, 12, 12.5, 1, 1.5, etc. and include the end points in time)
(2 marks for understanding this concept – 1 mark for any failed attempt)

Thus you will meet thirteen trains travelling in the opposite direction.       (1 mark)
The most common incorrect answer is 7 trains. Award 3 marks if they state this answer and realize the train arrives in Montreal at 5:00 pm; award 2 marks if they state the answer 7 trains without any reasonable attempt at justification.
Solution Three:

Assume that Toronto and Montreal are a smaller number of hours apart, i.e., 1 h, 2 h. etc.

When Toronto and Montreal are 1 hour apart (leaving at 11:00 am) you see three trains: one at 11:00 am just arriving in Toronto, 1 at 11:30 since each train has travelled half an hour towards each other and one at 12:00 noon just departing from Montreal.

When Toronto and Montreal are 2 h apart (leaving at 11:00 am) you will see 5 trains as shown in the following chart:
 
          Time when TO train           Hours MO train        Hours MO train        Time when MO train
            sees MO train                     is from TO               is from MO                 leaves MO
 
                 11 AM                                     0                            2                          9 AM
                 11:30 AM                              0.5                         1.5                        10 AM
                 12 Noon                                 1                             1                         11 AM
                 12:30 PM                            1.5                          0.5                        12 Noon
                  1 PM                                    2                             0                          1 PM
 
      Similarly when 3h apart and you leave at 11:00 am you will see 7 trains, and you see 9 trains when they are 4 h apart, 11 trains when they are 5 h apart and 13 trains when they are 6 h apart (as is the case here).

(6 marks for developing this pattern and concluding correctly – 4 marks for any incorrect pattern followed to a conclusion, 2 marks for an incomplete incorrect pattern)

Award 6 Marks immediately if the answer is correct without examining the solution.

Award full marks immediately if the final answer is correct without regard to the details of their solution (for this and all other questions in this set).

2.
(9 marks)


a)
(2 marks)

You must travel south along one of the seven vertical streets, and otherwise travel east. Hence there are 7 different routes to get from A to B going only east or south
(2 marks – award 1 mark for any incorrect attempt)
b)
(7 marks)

Solution One (requires knowledge of combinations):


We need consider only the south/north variations because you must always travel east.


To get from A to B you must travel over an odd number of vertical streets (going south or north). 
(This means that you must travel over 1, 3, 5 or 7 vertical north/south streets.)


There are 7 vertical streets to select from.

Hence there are 
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 = 7 + 35 + 21 + 1 = 64 ways to get from A to B by travelling only east, but using a south or north route.

   (7 marks)

Solution Two:
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We need consider only the south/north variations because you must always travel east.

If we travel straight from A to H (see diagram above), there is just 1 route (i.e., A to H to B).

If we travel east to G, there is also just 1 route (i.e., A to G to N to B).

If we travel to F and then M, there are 2 new routes (i.e., AFMNB and AFMNGHB).


If we travel to E and then to L, there 4 new routes (i.e., AELMFGNB, AELMFHB, AELMNGHB and AELMNB). 

If we travel to D and then to K, there 8 new routes (i.e., ADKLMNB, ADKLMFGHB, ADKLEFMNB, ADKLMNGHB, ADKLEFGNB, ADKLMFGNB, ADKLEFGHB and ADKLEFMNGHB). Note that we double the number from the previous (easterly) intersection each time.

Thus, if we travel from A to C to J there are 16 new routes and if we travel from A to I there are 32 new routes.

In total, there are 1 + 1 + 2 + 4 + 8 + 16 + 32 = 64 routes from A to B this way.

(Allow 7 marks – award 1 mark for the correct number at each of the I, C, D, E, F, G, H corners.  Use your best judgment – be generous!)

Solution Three:

Consider if B was placed the end of 1st Ave., or at the end of 2nd Ave., or at the end of 3rd Ave. and so on to its given location at the end of 7th Ave.  Determine the number of routes at each of these locations to see if there is a pattern and then predict the number of possible routes for the given location.
 
              B at the end of                       
             the following Avenue.                    
Number of routes
                                        
                       1                              

1 or 21-1  = 20

(1 Mark)
                       2                              

2 or 22-1  = 21

(1 Mark)
                       3                              

4 or 23-1  = 22

(1 Mark)
                       4                              

8 or 24-1  = 23

(1 Mark)
                       n                                   
         2n-1
(2 marks 1 mark for 






Realizing the pattern is the powers of 2)
7                             
 
27-1  = 26 = 64


 
Therefore there are 64 ways to get from A to B.

(1 Mark)

(7 marks for question 2.b)
(9 marks for question 2.)

3.
(7 marks)


Since bcd is divisible by 5, d is 5.


(1 mark)
Thus def is 5ef. The only number between 500 and 600 that is divisible by 11 and has each digit 6 or less is 561. Thus e is 6 and f is 1.


(2 marks – 1 for each digit)
Since cde is divisible by 3, we have c56 is divisible by 3 the number must be 256, 356, or 456. The only one divisible by 3 is 456. Thus c is 4.

(2 marks – 1 for any incorrect answer)
Finally abc is divisible by 4, and hence ab4 is divisible by 4. The only digits left are 2 and 3.
Either 234 or 324 is divisible by 4.



(1 mark)
Only 324 is actually divisible by 4 here. Thus a is 3 and b is 2.
(1 mark)
Summary: a = 3, b = 2, c = 4, d = 5, e = 6 and f = 1.
(7 marks for question 3.)

4.
(7 marks)



Solution One:


We must find the number of zeros obtained in the product 35 ( 34 ( 33 ( . . . 3 ( 2 ( 1.
Three of the numbers end in 0 (10, 20 and 30), which produces 3 zeros.
(1 mark)
The only other way to obtain a zero is 2 ( 5.




(1 mark)
There many more 2’s than 5’s in 35! (as all even numbers yield at least one 2).
(1 mark)
The numbers 5, 15, and 35 each produce a 5 but 25 gives two 5’s.

(2 marks – 1 mark 








if they don’t realize there are two fives in 25)
Hence there are five 5’s (and at least five 2’s) for 5 more zeros.

(1 mark)
This produces a total of 8 zeros at the end of 35!



(1 mark)

Solution Two:

Each time you multiply by 10 a 0 is added at the end of a number.   

 (1 Mark)


Therefore we need to determine how many times we multiply by 10 or 2(5) in 35!        (2 Marks)

In 35! we have 5's from 5, 10, 15, 20, 25, 30, and 35; a total of 8 fives ( 2 from 25).    (2 Marks - 1 Mark if no extra 5 from 25)

We need 8 two's from the even numbers and there are at least eight of them in 35!      (1 Mark)

Therefore we have 8 tens and therefore the number will have 8 zero's at the end of 35! when calculated.   (1 Mark)

(7 marks for question 4.)

5.
(7 marks)


Solution One:

During the regular season, each team plays the other 11 teams 16 times. 
This gives 12 ( 11 ( 16 = 2112 games.

(2 marks – 1 mark for any incorrect attempt)
However, this counts each game twice (i.e., A vs. B and B vs. A). So there are 

Actually 2112 ( 2 = 1056 regular season games.



(1 mark)
Using the same reasoning, there are 4 ( 3 ( 6 ( 2 = 36 games in the round robin 

of the top four teams.



(2 marks – 1 mark for any incorrect attempt)
A best of seven series could involve from 4 to 7 games (the maximum is 7).      
(1 mark)
Hence the maximum number of games played is 1056 + 36 + 7 = 1099 games.  
(1 mark)
Solution Two:

Instead of 12 teams let us consider 2, 3, 4, etc teams and see if there is pattern.
 
   
Regular Season:         
Number of Teams                 
Number of Contests 
2    a vs b   16x                    
1 x 16 =16  (1 match-up with 2 teams)   
                                    
3    a vs b   16                     
3 x 16 = 48  (3 match-ups with 3 teams)
         a vs c   16                     
         b vs c   16                    
 
    4    a vs b    16                     6 x 16 = 96  (6 match-ups with 4 teams)
          a vs c    16                    
          a vs d    16                                                
          
       b vs c    16
          b vs d    16
 
          c vs d    16
 
    5   a vs b,c,d,e      4(16)         10 x 16 = 160  (10 match-ups with5 teams)
         b vs c,d,e         3(16)          
         c vs d,e            2(16)          
         d vs e               1(16)
                                 10(16)
 
The pattern we see is that as the number of teams increases by one starting at 2 teams the number of match-ups during the regular season increases by 2, 3, 4 and so on.  This gives us the following chart:
 
         Number of Teams      2          3         4         5             6          7       8        9      10        11      12
      Number of Contests    1(16)   3(16)  6(16)  10(16)   15(16)   21()   28()   36()   45()    55()    66()
 
Therefore if there were 12 teams during the regular season there would be 66 match-ups occurring 16 times each and thus 1056 regular season contests.
(3 marks for the correct answer for the regular season – 2 marks for a good attempt, 1 mark for any poor attempt) 

For the round-robin playoffs with 4 teams there would be 6 match-ups occurring 6 times each resulting in 36 contests.  The match-ups are as follows:    
a vs b,c,d    3(6)
             
b vs c,d       2(6)
             
c vs d         1(6) 
             
6(6) = 36 contests


(2 marks for correct answer for the round robin – I mark for any incorrect answer)

 
In the best of seven series the maximum number of contests that could be played by the top two teams is 7.    (1 mark)
 
The maximum number of mathematics contests then during regular season and playoffs is 
1056 + 36 + 7 = 1099.       (1 mark)

(7 marks for question 5.)
6.
(10 marks)


Solution One:

If there were 8 different digits between 1 and 8 used, we could form 
8 ( 7 ( 6 ( 5 = 1680 four digit numbers.
(2 marks – 1 mark for any incorrect attempt)
But the last digit must be even so there are 4 choices (it could be 0, 2, 4, or 6)
(1 mark)

This would give rise to 7 ( 6 ( 5 ( 4 = 840 four digit even numbers.


(1 mark)
The first digit cannot be 0 (or it is a three digit number)



(1 mark)
If we didn’t consider that the number must be even, there would be 

7 ( 7 ( 6 ( 5 = 1470 four-digit numbers.





(1 mark)
Combining the ideas of ending in 0, 2, 4 or 6 with not starting with 0, there would be 
7 ( 6 ( 5 ( 4 = 840  or  6 ( 6 ( 5 ( 4 = 720 numbers.

(both are incorrect but allow 
6 marks if they suggest either for the final answer)

The number cannot end in 0 (one of the even choices) and start with 0 at the same time.

A detailed explanation for this follows: 840 is incorrect because it assumes 0 is a possibility as one of the choices for the end of the 4 digit number, and that at the same time 0 is a possibility as a choice for the beginning of the 4 digit number as well.  This can't be; i.e., if 2 is picked as a choice for the units digit then 0 is a possibility for the beginning of the number. This is incorrect as stated above.  720 is also incorrect because it assumes that if 0 is at the end of the 4 digit number then there are not 7 other numbers available at the beginning of the 4 digit number but there are.  Since 0 complicates things let's separate the 0 case from the rest of the even numbers.
(1 mark for recognizing this fact)

If it ends with 0 there are 7 ( 6 ( 5 ( 1 = 210 such numbers.


(1 mark)
If it ends in 2, 4 or 6, there are 6 ( 6 ( 5 ( 3 = 540 numbers.


(1 mark)
This makes a total of 210 + 540 = 750 such numbers.



(1 mark)
Solution Two:

Instead of looking at 8 numbers let's look at 3 numbers:  1,2 and 3, and see how many 2 digit numbers we can make.  We can make 6 numbers:  12, 13, 21, 23, 31, 32,  in increasing order.  
Another way to get this answer without listing them is as follows.
 
To get the answer 6 we can look at two spaces  __ __ and think of the right space as a space for units digits and the left space as a space for tens digits.  Next we consider the number of possibilities for the tens digit, 3 and then that leaves 2 possibilities for the units digit since one number has been used up.  What do we do with 2 and 3 to get the answer 6, we multiply 2 x 3. 
 
How does 1,2,3 fit with respect to the number of even numbers?  In the units space there is only one choice, 2, (from 1,2 and 3) and thus leaving two choices for the tens digit, 1 and 3.  Using the idea above then we have 2 x 1 = 2 possible even numbers.  Looking at our list above we see that this is correct.  There are 2 even numbers: 12 and 32.
 
Next let's consider what happens if 0 is one of three numbers. Let's consider that our 3 numbers are 0, 1, 2 and we want to know how many two digit even numbers can be formed from them.  In listing them we would initially come up with 01, 02, 10, 12, 20, 21 in increasing order.  However 01, and 02 are not 2 digit numbers and must not be considered.  That leaves 4 numbers of which there are three even numbers.  Let's see if we can get this answer using the spaces.
 
In the tens space there are only 2 choices: 1 and 2, since a number cannot start with 0. Therefore our tens space would look like 2.

Next if we use up one number in the tens space we would have two numbers available for the units space, but we can only use 0 and 2 since the two digit number has to be even.  Therefore our units space would look like 2.  Putting our answers together our answer would be 2 x 2 = 4 which is incorrect (correct answer is 3 as shown above).  The reason it's incorrect is that if the ten's digit is 2 then there are not two choices for the units digit. There's only one choice - 0, since 2 is being used for the tens digit. Thus you can't have a 2 as one of 2 choices for the tens digit and 2 as one of 2 choices for the units digit at the same time.  If 2 is not a units digit (0 is) then there are 2 choices for the tens digit.  If 2 is a units digit then there is only one choice for the tens digit (2 and 0 are not available).
 
2 as the units digit gives us 1 x 1 = 1 even number.  
0 as the units digit gives us 2 x 1 = 2 even numbers.  Thus given these two cases (one where the non-zero even number is a units digit and one where it is not) we end up with 3 even numbers which agrees with the above example.
 
 Next consider 8 numbers:  0, 1, 2, 3, ... , 7.  We are looking for 4 digit even numbers.
 
There will be four spaces for a four digit number. 
2, 4, 6 as the units digit gives us  6 x 6 x 5 x 3 = 540 even numbers.  The thousands digit can't be 0 or one of the even numbers leaving 6 choices.  There are 6 choices for the hundreds digit as well because two numbers are used up and 6 remain including 0 which can be now used as a digit.  The tens digit can be any of 5 numbers and the units digit is any of 3 numbers, 2, 4, and 6.
 
0 as the units digit gives us 7 x 6 x 5 x 1 = 210 even numbers.  
Taking the two cases into consideration there are 540 + 210 = 750 possible four digit even numbers.
(Allow 2 marks for any attempt at a pattern here, whether successful or not)
(Otherwise, award 7 marks for any detailed good attempt which fails, 4 marks for any detailed mediocre attempt and 2 marks for any poor or abandoned attempt)

Solution Three:

Some students may use a “brute force” attempt where they list all possible arrangements. These are listed below:
Ending in 0:   Numbers    Number of Numbers
                                   123_                    6      The numbers 123 can be written 123, 132, 213,
                                   124_                    6       231, 312, 321 with all having 0 follow. 
                                   125_                    6
                                   126_                    6
                                   127_                    6
                                   134_                    6
                                   135_                    6
                                   136_                    6
                                   137_                    6
                                   145_                    6
                                   146_                    6
                                   147_                    6
                                   156_                    6
                                   157_                    6
                                   167_                    6 
                                                         15(6) = 90
                                   234_                    6
                                   235_                    6
                                   236_                    6
                                   237_                    6
                                   245_                    6
                                   246_                    6
                                   247_                    6
                                   256_                    6
                                   257_                    6
                                   267_                    6 
                                                         10(6) = 60
                                   345_                    6
                                   346_                    6
                                   347_                    6
                                   356_                    6
                                   357_                    6
                                   367_                    6
                                                          6(6) = 36
                                   456_                    6
                                   457_                    6
                                   467_                    6 
                                                           3(6) = 18
                                   567_                    6
 
Total number of even numbers ending with 0 is 90 + 60 + 36 + 18 + 6 = 210.
(There are 30 fewer for each of the remaining even digits because the number can’t start with 0 and be a four-digit number.)

The total number of numbers ending in 2 are 60 + 60 + 36 + 18 + 6 = 180. 
The total number of numbers ending in 4 (similarly) are 180.   
The total number of numbers ending in 6 (similarly) are 180.

Thus the total number of 4 digit even numbers then are 210 + 3(180) = 210 + 540 = 750.
(Award a generous proportion of 10 marks for the number that have been listed and counted correctly using brute force)
Solution Four:

Another brute force solution involves arranging the numbers from 0 to 7 into groups of 4 in increasing numerical value, and then given the number of even numbers in the arrangements determining the number of even numbers that can be formed.
For example if we pick 0,1,2,3 or 0123 and rearrange them we would get 10 even 4 digit numbers (excluding of course the ones that start with 0):    we choose from 0, 1, 2, 3, 4, 5, 6, 7
 
          Numbers         Ending in        Number of 4 digit Numbers 
            0123                0                      6     eg  1230  1320  2130  2310  3120  3210 
                                  2                       4      eg  1032  1302  3012  3102 
                                                          10
           0124                 0                      6
                                  2                       4
                                  4                       4
                                                          14
           0125               0,2                      10
           0126               0,2,6                   14
           0127               2 even #'s           10
           0134               2 "        "             10
           0135               1                          6
           0136                2                        10
           0137                1                         6
           0145                2                       10
           0146                3                       14
           0147                2                       10
           0156                2                       10
           0157                1                        6
           0167                2                       10
           0234                2                       14
           0235                2                       10
           0236                3                       14
           0237                2                       10
           0245                3                       14
           0246                4                       18
           0247                3                       14
           0256                3                       14
           0257                2                       10
           0267                3                       14
           0345                2                       10
           0346                3                       14
           0347                2                       10
           0356                2                       10
           0357                1                         6
           0367                2                       10
           0456                3                       14
           0457                2                       10
           0467                3                       14
           0567                2                       10
                                                          390
 
           1234                2                       12
           1235                1                        6
           1236                2                       12
           1237                1                        6
           1245                2                       12
           1246                3                       18
           1247                2                       12
           1256                2                       12
           1257                1                        6
           1267                2                       12
           1345                1                         6
           1346                2                       12
           1347                1                        6
          1356                 1                        6
           1357                0                        0
           1367                1                        6
           1456                2                       12
           1457                1                        6
           1467                2                       12
           1567                1                         6
                                                           180
 
           2345                2                       12
           2346                3                       18
           2347                2                       12
           2356                2                       12
           2357                1                         6
           2367                2                       12
           2456                3                       18
           2457                2                       12
           2467                3                       18
           2567                2                       12
                                                          132
 
           3456                2                       12
           3457                1                        6
           3467                2                       12
           3567                1                        6
                                                           36
 
           4567                2                       12
 
  Arrangements Starting With        Number of Even #'s 
               0                                    390
               1                                    180
               2                                    132
               3                                     36
               4                                     12 
                                                    750
 
Therefore the number of 4 digit even numbers is 750.
(Award a generous proportion of 10 marks for the number that have been listed and counted correctly using brute force)

(10 marks for question 6.)

Quick Mark Summary For This problem Set:

1. 6 Marks

2. 9 Marks

3. 7 Marks

4. 7 Marks

5. 7 Marks

6. 10 Marks

Total Possible Marks for Problems Set #3 is 46
Indicate Total Team Score Only on Blackboard Summary (Never give percentages)
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